The relaxation of the constraint of periodicity imposed by the external confining magnetic field coils in a nominally 4-field period Helias Advanced Stellarator configuration produces weak periodicity-breaking deformations of the plasma. The corrugations are driven by the interaction of the pressure gradient with the magnetic field line curvature and correspond to saturated ideal magnetohydrodynamic interchanges with a mode structure dominated by nonresonant m = 1, n = ±1 Fourier components. Similar low order mode number oscillations are observed in the 4-field period TJ-II Heliac stellarator [Alejaldre et al., Fusion Technol. 17 131 (1990)]. The conditions of quasi-isodynamicity of the Helias reactor system investigated are not significantly altered by the periodicity-breaking distortions.
INTRODUCTION
Magnetohydrodynamic (MHD) activity can alter the symmetry properties of magnetically confined plasma. A three-dimensional (3D) equilibrium solver [1] has been applied to model the breaking of the axisymmetric properties first in Reversed Field Pinches [2, 3, 4] and more recently in tokamaks [5, 6, 7, 8] . In particular, three-dimensional (3D) internal helical core structures have been previously calculated using the VMEC and the ANIMEC codes that correspond to saturated ideal kink modes that model snakes and Long Lived Modes [9] under tokamak hybrid scenario conditions [5, 10] .
In stellarator experiments, very long-lasting oscillations characterized by lowest order toroidal and poloidal mode numbers have been detected in many devices like the TJ-II Heliac [11] and the Large Helical Device (LHD) [12] . Previous theoretical and simulation research related to this subject include nonlinear resistive MHD computations of the LHD device that yield saturated solutions [13] , and fixed boundary internal nonlinearly MHD stable 2-field period quasiaxisymmetric stellarator configurations have been calculated with the NSTAB code [14] . The deformations in the latter work retain the underlying 2-fold periodicity of the device proposed.
In this work, 3D free boundary ideal magnetohydrodynamic (MHD) equilibrium states are presented for the first time with the VMEC code [1] that develop visible edge distortions that break the periodicity imposed by the coil system in a nominally 4-field period Helias reactor device. We contend that the deformations observed constitute nonlinear saturated ideal magnetohydrodynamic (MHD) interchange structures with low toroidal mode number n driven by the interaction of the pressure gradient with the magnetic field line curvature. The Helias Advanced Stellarator concept investigated displays quasiisodynamic properties [15, 16] , which are essentially unaltered by the periodicity-breaking distortions at reactor-relevant values of β . Quasi-isodynamicity corresponds to the condition that particle orbits remain closely linked to their birth flux surfaces, hence we anticipate that fast particle confinement is unaffected by relaxation of the periodicity constraint. 
Experimental data with toroidal periodicity breaking in TJ-II plasmas
Long-lasting coherent mode structures have been reported in the TJ-II stellarator [11] and many other toroidal devices [17, 18, 19, 20, 21] . In particular, these oscillations in TJ-II plasmas heated with NBI are typically of very low frequency (4 kHz f 15 kHz) and last for many confinement times, eventually for the whole length of the discharge. An example of the evolution of the spectrum of modes in this stellarator is displayed in Fig. 1 . Provided that the frequency is low, toroidal mode numbers can be resolved according to the relative phase of the modes detected with three AXUV arrays located at sectors separated π/2 toroidally plus another array located at a fraction of this (see scheme in Fig. 1 ) [22] . For low enough poloidal mode numbers m < 7, the poloidal chords allow for the identification of m-values compatible with resonant values of the rotational transform. In this example, the ≈ 6 kHz mode is seen as an even poloidal structure compatible with m = 2, and the apparent phase shifts of this oscillation detected at the four toroidal ports correspond to those expected for an n = 3 toroidal mode. Although not shown here, analogous diagrams clearly resolve the toroidal mode numbers of the 12 and 18 kHz modes as 6 and 9, respectively, and the parity of the poloidal numbers. As generally the modes are rather core localized, only in a few cases, mostly (n, m) = (3, 2) and (n, m) = (5, 3), can be also detected with magnetic pick-up coils. The toroidal mode numbers evidence that the mode structures are nonnatural, i.e., the oscillations with toroidal mode number that are not an integer multiple of 4 necessarily break the periodicity imposed by the TJ-II coils set. Therefore, even if these modes have their origin in small error magnetic fields that must be fixed in space, the ease with which they rotate in these low pressure (β) plasmas suggests that their existence might be recovered with MHD equilibrium simulations. This provides the motivation to theoretically model this activity and provide physical grounds for the phenomena observed. The rotational transform profiles in a nominally 4-field period Helias reactor configuration at β = 0.5% and β = 5% in which the periodicity imposed by the coils is not enforced.
MHD calculations
Computation of 3D MHD equilibrium states with the VMEC code imposes nested magnetic flux surfaces [1] . The states that are computed represent ideal magnetohydrodynamics because the model precludes magnetic field lines breaking and reconnecting. We have decided to simulate a Helias reactor configuration with a coil system that dictates 4-field periods around the torus because the spectrum of modes required to obtain converged equilibrium solutions is much narrower than that for the 4-field period TJ-II Heliac. This makes the problem more tractable to address. Furthermore, the Helias configuration represents one of the more attractive options for nuclear power production based on the stellarator concept. The plasma energy is given by
where B is the magnetic field, p(s) is the plasma pressure as a function of the radial variable s (0 ≤ s ≤ 1), which is proportional to the enclosed toroidal magnetic flux function Φ, and Γ is the adiabatic index. The equilibrium state is obtained by varying the energy functional Eq. 1 with respect to an artificial time variable employing a steepest descent energy minimisation scheme. A Green's function technique is applied to evolve the plasma-vacuum interface to obtain free boundary MHD equilibria where the vacuum magnetic fields are calculated using Biot-Savart's Law from all toroidal and poloidal field coils discretised into finite sized filaments. In free boundary mode, initial guesses for the Fourier amplitudes of R (the distance from the major axis) and Z (the height above the midplane) at the magnetic axis and at the last closed magnetic flux surface (LCFS) must be provided. Though the coil set dictates 4-fold periodicity around the torus, we relax this constraint to include all toroidal mode numbers in the range −20 ≤ n ≤ 20 and poloidal mode numbers 0 ≤ m ≤ 11. Typically, the 4-fold periodic Fourier components of R ≡ m,n R m,n cos(mθ − nφ) and Z ≡ m,n Z m,n sin(mθ − nφ) (stellarator symmetry is assumed) at the plasma-vacuum interface are chosen as R 0,0 = 17.7, R 0,4 = 0.72,
. Initial edge periodicity-breaking components are prescribed through the parameter δ i , such that
All calculations performed in this article have vanishing toroidal current within each flux surface 2πJ(s) = 0 and pressure profile prescribed as p(s) = p(0)(1 − s)(1 − s 4 ). The rotational transform profiles ι(s) for the Helias reactor configuration examined at β = 0.5% and β = 5% are plotted as a function of s in Fig. 2 . Note that ι = 1 is outside the plasma; the main low order resonances that break the 4-fold periodicity of the coils are n/m = 10/11, 9/10, 7/8, 6/7 and 5/6.
The shape of the LCFS for the Helias reactor system under consideration at each of the eggplant cross sections throughout one toroidal transit are projected onto one plane in Fig. 3 at β = 0.5%, 2% and 4%. There are visible deformations of the LCFS in this range of β values.
The Plasma-Vacuum Interface shape at the bean, eggplant and triangular cross sections over 1 toroidal transit at β = 5.6% shows the small corrugation of the edge surface at each superimposed plane in Fig. 4 . The mid plane pressure distribution through a full toroidal transit (0 ≤ φ ≤ 2π) at β = 5% is TH/P5-28 presented in Fig. 5 . It shows that the bulk plasma retains the underlying 4-fold periodicity of the system. However, near the plasma boundary the inner and outer edge positions are slightly displaced from one period to the next confirming a small n = 1 modulation.
Eddy currents in the surrounding metallic walls produce periodicity-breaking perturbations that can also be enhanced by linear MHD instability dynamics (the system investigated is unstable to linear ideal MHD modes when β exceeds 0.6%). This justifies increasing δ i with β . Fig. 6 (a) shows the variation of the volume average total energy p + B 2 /(2µ 0 ) within the plasma as a function of the parameter δ i that shows that the minimum energy state is achieved for δ i = 0.31 m. For lower β , the energetically favoured MHD equilibrium solutions are achieved with progressively lower values of the initial distortion δ i prescribed at the plasma boundary. We define
The minimum energy state in the range β = 0.5% -5.6% is plotted in Fig. 6 (b) . The initial guesses for the m = 1, n = ±1 components of R and Z specified by δ i that yield the minimum energy states at each β are identified in the plot. ∆ p + B 2 /(2µ 0 ) corresponds to the difference between p + B 2 /(2µ 0 ) evaluated at finite δ i and δ i = 0. Note that the ordinate values in Fig. 6 (b) are negative indicating that the volume averaged total plasma energy obtained at the finite values of δ i is lower than that for δ i = 0 in the range of β explored.
A Fourier decomposition of R at the outermost magnetic flux surface is undertaken and displayed in Fig. 7 at β = 0.5% and 5.0%. In this figure we limit the periodicity-breaking components to the range 0 ≤ m ≤ 4 and −13 ≤ n ≤ 13 because they have significant amplitudes only for relatively low mode numbers m, n. Hence we would like to highlight that the main resonances identified in the description of Fig. 2 that break the periodicity of the system provide only weak distortions compared with the mainly non-resonant contributions of R m,n that appear in Fig. 7 term increase in magnitude with β , the resulting interference pattern appears not to be constructive as the corrugations of the shape of the last surface as shown in figures 3 and 4 do not change much.
In order to further illustrate the dominance of the low-mode numbers in the periodicity-breaking components, we show the Fourier decomposition of Z in figure 8 (left) in the whole modal plane. In addition, in figure 8 (right) we find that the spectrum of significant Fourier components of the magnetic field strength B is relatively broader compared with the geometric corrugations, but still limited to low m and n (typically 0 ≤ m ≤ 4, −2 ≤ n ≤ 12 at β = 5%).
In current-free stellarators, the interaction of the pressure gradient with the magnetic field line curvature constitutes the principal driving mechanism for MHD instabilities. The structure of 2 √ gp (s)κ · ∇s on a flux surface close to the edge of the plasma reveals that the most destabilising contribution (most negative) concentrates near the outside edge of one of the bean-shaped cross sections indicating an important n = 1 distortion. Furthermore, the structure when the 4-fold periodicity is relaxed is more closely magnetic field aligned compared with the 4-field period constrained configuration where it is cross-field aligned. The comparison between the 2 cases at β = 5% is presented in Fig. 9 . Another important observation is that the range of values for 2 √ gp (s)κ · ∇s is neutral (with respect to positive and negative values) when the periodicity constraint is relaxed indicating marginal stability. However, it tends to be more negative when the 4-fold periodicity is enforced suggesting that this configuration is linearly unstable to ideal MHD, a condition we have confirmed with the TERPSICHORE code [23, 24] . The periodicity-breaking deformations constitute a saturated ideal MHD instability state.
The Helias reactor configuration examined approaches conditions of quasi-isodynamicity [15, 16] . The poloidal closure of the contours of the 2 nd adiabatic invariant J in a polar plot for particles with pitch 
FIG. 7:
The dominant Fourier components of R on the LCFS in a Helias reactor system at the minimum energy state at β = 0.5% (left) and β = 5.0% (right) poloidal mode number m and toroidal mode number n phase space. To visualize the periodicity-breaking Fourier terms, the dominant 4-fold periodic components of R are suppressed. The main periodicity-breaking terms have significant amplitude for relatively low m, n values. Consequently, we limit the display to the range 0 ≤ m ≤ 4 and −13 ≤ n ≤ 13.
The Fourier amplitudes R m,n are normalized to the R 1,0 term. angles that vary from deeply to barely trapped represents a good measure of the confinement of fast ions and of neoclassical transport properties in general. We have found that the relaxation of the periodicity exacted by the external coils does not modify in a significant way the contours of the J for different particle pitch angles. A comparison of the J behavior for the general equilibrium case and the 4-fold periodic case at β = 5% demonstrates that both are very similar, as shown in Fig. 10 . Thus energetic particle confinement and neoclassical transport should not be seriously impacted whether periodicity is enforced or not.
SUMMARY AND CONCLUSIONS
In summary, long-lived low frequency oscillations with toroidal mode number smaller than the machine periodicity have been detected in stellarator system such as TJ-II. We report, for the first time, free boundary stellarator equilibria using the VMEC code with novel 3D distortions to the plasma-vacuum interface that break the underlying periodicity imposed by the external magnetic confinement coils of a nominally 4-field period Helias reactor. The edge corrugations occur in the range 0.5% < β < 5.6% investigated. The Fourier spectrum of R and Z at the LCFS is dominantly m = 1, n = ±1 at β = 5%. The m/n = 1/ ± 1 structures are nonresonant as ι max < 0.95. We contend that these geometric deformations correspond to saturated ideal MHD interchanges driven by the interaction of the pressure gradient with the magnetic field curvature. The 2 √ gp (s)κ · ∇s structure confirms a n = 1 modulation around the torus. The quasi-isodynamic properties of the Helias configuration we have investigated are not significantly altered by the periodicity-breaking corrugations we report, thus we surmise that fast particle confinement and neoclassical transport will not be affected. The edge distortions are very benign (even at high β > 5%) compared with other confinement concepts. These conditions augur very
FIG. 9:
The distribution of the interaction of the pressure gradient with the magnetic field line curvature 2 √ gp (s)κ · ∇s on a magnetic flux surface close to the edge of the plasma at β = 5%. The top row represents the equilibrium state with unconstrained periodicity. The bottom row represents the equilibrium state constrained to satisfy the 4-fold periodicity of the coils.
favorably for the Helias advanced stellarator system as a power producing fusion energy reactor concept.
The simulation model we have applied constrains the magnetic surfaces to remain nested. Our work thus opens new avenues of research like the consideration of more general equilibrium approaches that allow for the formation of periodicity-breaking magnetic islands and internal stochastic regions [25, 26, 27] (typically these solvers use a VMEC solution as an initial guess). Also, nonlinear kinetic theory can be invoked to examine the generation of finite frequency oscillations using the VMEC equilibria we have computed. Some complementary simulations related to this research appear in Ref. [28] . 
